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Following Neimark [1-3]. the author obtains necessary and sufficient
conditions for stability of various possible types of periodic motions
for a particular kind of second order dynamic systems near piece-wise
linear ones that are of special interest in applications.

1. Nonautonomous systems near piece-wise linear ones. We
shall consider the system

dz/dt =y, dy /dt = — ¢ (z) + pf (z, 9, t) (1.1)
Let

V(@) =aqr+p if 7 <z<lz i=...—1,014,2,..)
flzoy, t) =W (z,y,0) if 2, <z<=z, y>0
foy, ) =P (2,9, 1) 1f 5 ;<z<35, y<O
Here the fi(j) (x, y, t) (j =1, 2) are analytic functions of period
2w in t, and u is a small positive parameter. We assume that the system

(1.1), with p = 0, has at the origin (x = y = 0) of the coordinate
system an equilibrium of the type of a center, or a "sewn center.”

If u # 0, the phase coordinates of the system (1.1) will be x, y and
t. The points with the same x and y coordinates on the planes t = t;
and t = t; + 2wn will be considered to be identical.

We shall denote by Sk(l) the hal f-planes x = x, when y > 0, and by
Sh(z) the half-planes when y <0 (k= ... =1, 0, 1 ...). Let us consider
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Periodic solutions of second order dynamic systems 325

the trajectories of the system (1.1) with u = 0 and with u # 0, which
satisfy the same initial conditions

2=y Y=Y >0 if t=1 (1.2)

We introduce a new time t = 7 + t, and consider the point transforma-
tion of mapping the half-plane S, (1)"into the half-plane S U)(] 1,2).

Suppose that a phase traj ect:ory of the system (1 l) when p = 0,
intersects the half-planes 9 (J) at the points Pko ) (xk, yko(-”, Tkt() My,

and when pu # 0 at the points Pk(J)(xk’ yk(”, Tk(J)). Ve shall prove
that

U = g 4 L S fzy v +t)ds +p(...)
Yo Lyt (1.3

G = T 4+ u®? (g, ) + 0 (. . )
liere L (J) is an integral curve of the system (1.1) when u = 0 which
joins the point Py(x, Yo 0) to the point Pko(J (xp, yko(’). Tko(J))

e will prove first that the formulas (1.3) are valid if one trans-
forms the half-plane S (1) For the sake of definiteness let us assume
that in the strip bet.ween t,he hal f-planes S (1) and S, (1) the function
y¢(x) has the form

VY (2) = a2 + B, =0,z — q

The solution of the system (1.1), with p = 0, which satisfies the
conditions (1.2) has the form

_ a Yo . ay _
z = (:c,, _m_ﬁ) cosw, T+ o, Sin 0)11:+E;= a5, (T, yo)

— a . —
y=— (xo - @)mx sin @, + y, cos 0,7 = By, (7, ¥,)

Pepresenting the solution of the system (1.1) with p # 0, which
satisfies the condition (1.2) in the form of a power series in u, we

obtain (1.4)

T

e

T = ay, (T, yo) +“mp7 f19 [ayo (@, yody Bro (u, yo)sut + 4] sin 0, (v—u)du+4

0 +pnr(..)

¥ = PB1o (T, ¥0) + ngx(l) [aso (¥, Yo)y Bio(u,y0)ru + tpl cosw, (v —u)du +
0 +pi(..)



326 N.N. Serebriakova

Let Tl(l) be the smallest time interval during which a mapped point
reaches the half-plane Sl(l). We can express Tl(l) in the form of a
series

T, = 1,0 4 l"'(Dl(l) (Yo o) + - - .

Substituting T = 11(1) into the equation (1.4) we obtain

"m< Y

n =y, + ;;.'P(‘l—) S £ [ayo (1, yo)s Bro (s Yo)s 8 + 2] X

0
X [(mlxl—— %) sin @, (T""—u) + ¥ cos m,(rw(l’—u)] du 4 p2(...) =

=y + 25 | A0 @yt Hwdz ()
Yio L
1,“(1)

T = 1y — ylo(}:)m S F10 [ogg () Yo)s Bro (@, yo)s ¥ + f6] X
0

X sin 0 (T3 — u) du + p? (...) = 1™ + p®,P (g0, to) + pi(...)

Here Ll(l) is a space curve x = o, (T, yo), ¥ = Byo(T, y,) which ex-
ten??)from the point Po(xo, Yo 0) to the p?i?t Plo(l)(xl, ylo(l),
T,, ). Analogously, one can prove the validity of the formulas (1.3)
of the transformation of the half-plane So(l) into Sl(l) also for the
case when

V(@) =az+p=—0lz+a

Let us suppose that the formulas (1.3) are valid when one transforms
the half-plane So(l) into Sk_l(l)‘ We will prove that they are also
valid when one transforms the half-plane So(l) into Sk(l). For the sake
of definiteness let

V(@ =qr+Ph=—olc +an @y v+ )= 1V (z, y, T+ )
if zk___1<z\’xk

Expanding into a power series in p the solution of the system (1.1),
which satisfies the boundary conditions

T =1z y=9% it v=14 (1.5)

we obtain
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T = ako (1 - tkgiv yk(_ll) +
P T
+ o S {k(l)[ako(u—‘rk(_lz,ykil}), By (e—7, Y, ¥, ) u+-tolusho, (t—u)du+p'(...)
a
Tk—1

y= Bko (v — Tk(_lls yk(_l;) + (1'6)

+p \ [0 @—793,9),8,,6—7%,y,9), u-tthowo,(r—u)dutp(...)

1)
'k(—l

Here x = ap (7 - kai), ykii)), ¥ = Byolr - -rki}), yk_(_i)) is a solu-

tion of the system (1.1), with u = 0, satisfying conditions (1.5).
Let Tk(l) be the instant of time when the mapped point reaches the
hal f-plane Sk(”‘ We express Tk(l) in the form
Tk(l) — fk(ol) + F‘ka (yo, to) +...

Substituting T = -rk(l) into the equations (1.6), and expanding the

right-hand sides into a power series in u, we obtain

y 0 =y, + l("l) S f(z,y, v+ t)dz +

Yxo 1
L
1
'ki))
B 1 )
+ xo S F oy, @ — 78 0 9,800 Bi® — 1.0 00 9,9 ) 8 + bl
'kgi.o

X [P ecomw, (T — u) — oz, — a, /00, (T — u)ldu + p¥X(...) =

= u + A5 \ @y v+ 1) ds + 2

ko L®
D —p @ 1 _ 1 ko \k0 — Tk—1, 0» ¥—1, 0
T =79 ‘H"{d’k(—} or L) M o M o @
Yi—1.0%k0 Ye—1, 0
)
oo D,y D )
x { t@yctwd— 2 S o (56— 9 o)
L Yo T
k—1 ‘k—(-11),o '

XHW [ay @ — 59, 4,90, B —79, 4,9, u+¢] du}+

+p2 () = ud + pO® o, 1) + pX(...)
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In an analogous manner one can prove the correctness of the formulas
(1.3) when

VY (2) = ;ax + Pr = i’z — ax

Suppose that in the continued motion the trajectory of the system
(1.1) when u # 1 intersects the plane y = 0 at a point M(x,*, 0, T,*),
and when‘u = 0 at the point Mb(xko*’ 0, Tko‘) whereby xk-G;xk* S;xk+1,
XS g KXy -

For the sake of definiteness let us assume that

P () = kT + i = — 0xhiZ + e 1 7 <z <3y,

The solution of the system (1.1), with u # 0, which satisfies the
conditions

r = Z

o Y=y if =70 (1.7)

has the form

T

T =0y, o (T — 10, 3 ) + 2 S b, (T—U) X
(

1)
‘k

ka_(*_ll) [ak+1. 0 (u - Tk(l)? yku))’ ﬁk-}-l, 0 (u - Tk(l)i yk(l))v u + to] du + p"("‘)

y = ﬁk+1,o (*— 0, yM) +p &(1) cosh @ ) (x—u) x (1.8)
"k

X1W ey, o @ — 10, 38), By, o (@ — 12 40), u + Gl du + pi(...)

1
Here opy; olT = Tk(l), yk(1 Pre1,o(T - Tk(l), Yk (1)) jis a solution
of the system (1.1), with p =0, sat1sfy1ng condltlons (1.7). Let us ex-

press Tk in the forms T,* = 7,,* +u0.*(y,, ty) + .. . Substituting
T = 7,* into the first one of the equations (1. 8) and expanding the ob-

tained expressions in powers of u, we have

; * L)
z* =z* +p {’“‘"‘”Hl("ko Tho ) R (@9 T+ t) dz +

K Ko o \
Op41¥ko L
o *
ko *
1 sinh mk+1(1k0 —u) X
mk+11(”

ko
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X 1D, [0, o @ — 0, 5,08y, 0@ — T E ), u + z.,]du} +p (o)

The solution of the system (1.1), satisfying the conditions

=z y=0 1f v=r1," (1.9)
when x, < x < =x,,,, y <0, can be expressed in the form
2 =0, 010 + o | e, (0 — 0 x 1.10
k+1, 0 k Uk Oppr J, +1 (1.10)
K

% fk(-i)x [ak:H'0 (uw—1' 2, ﬁk_*'_l o (B — v z) u + tldu + p’(...)

T z)) +u Scosh(l)k-{-]_(‘l'— u) X
‘k

vl u ] du 4+ pi(.)

y = ﬁk-;—l, 0 (
X [Pl @@=zt B, ,@—

Here ork+ o7 - Tk v %*)y Briy, o(T = T,*, x,*) is a solution of the
system (1. l) w1th w =0, wh1ch satisfies the initial condition (1.9).

Let 7,'2) be the instant of time when the mapped point reaches the
half-plane S, (2) | We express T, (2) in the form

% = w4+ pO? o 1) + . - -

Substituting T = T, (2) into the equation (1.10) and keeping in mind
that x('rk(z)) = 2, we obtain

y® =y, + L o) S fz,y, v+ ) dz +

L (1)
*
ko
+ he (z){ S hfllag, o @ — 50 0 By o (8 — 0 4,0, v +2] %
L@
X0
X m"*‘l(“k;— mk+1 )mh"’k+1 (u — k;) du +
k+1
1’&2)
+ S Hd @y, 0 B — Tig Tos Bryy o (B — T 0o 8 + 8] X
*

ko
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Criq
X [ykgﬁ) com @, | ( — tk?)) + @ (a:k — ———mk+2 )"""“’k+1 (z— fk?))] du} -+
1

) =uP e | f@y st wde )

L®
) W @
1 oy 1y (rkf)z —To v Ynp ')
1(2)=1(2)+“{¢.(1)(y t) , 0 0 0
K k x Yo Yo
0 7,0, ay D
. »
ko 2) (1)
1 3°‘k+1.o('k$) —u, y )
X S j(:c,y,17+t‘,)olac——!;;%3 S e 0
0
L ‘k&l)
X A0, 0@ — 18 48) By o (8 — 1, 3,0, v + t,) du —

)

. Ko

—— 2 : Y / T
y]“()ﬁ) & fk'(k{ [ak+1. 0 (u Txo? zko)’ Bk-{—ho (u Tro? zko)' u+to] X
®
Tko
9y py. o (Thg) — s U4)) @ 2)
oD duf +p2(...) = 1Y 4+ p®® (. 1) +p?(...)

0

Hence, the formulas (1.3) retain their form also when the trajectory
intersects the plane y = 0.

Returning to the formulas (1.3) at the earlier time t, we have

¥ = y,,{,"’+;—% S flzoy t)dz +pd(...)
k0 L@

0 =t +u? =t + wd + O G o) + ()

Let us now consider a mapping (transformation) of the half-plane
So(l) into itself. We assume that when p = 0 the system (1.1) has a
family of periodic solutions L(y,, t,), which depends on the parameters
¥o 2nd ty and which is such that T'(y,) # 0. The point transformation
of the half-plane SO“) into itself has, in the neighborhood of the
curve L which passes through the points Py (x,, y,, t,) and Po(l)["o' Yo
ty tm T(yo)}, the following form

Yo =yo+§§§f(z,y,t)dz+u’(--- = Yo o 1F o ta) + 07 (- )

to(l) =ty + mT (yo) + p® (g 2o) + 12 (. . ) (1.11)
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where T(y,) is the period of the periodic solution of the system (1.1),
with p = 0. This period depends on y,. The number m is the number of
turns of the curve L around the t-axis.

Obviously, the following theorem is true.
Theorem 1.1. In order that the point transformation (1.11) may have

a fixed point

Py (20, ¥o© + Wy1s 8 + Bty)

which tends to the point P(x,, y,°, t,°) when u goes to zero, it is
necessary that the following conditions be fulfilled

o [+ ] Q— 1 o 2
Faot)=—\f(ny 9de=0, T@)=2 (142
of
where L is a closed integral curve of the system (1.1) when u = 0, which

passes through the points P(x,, Yoo too)s P(”(xo, Yo, ty° + 2mn), and
where n/m is a rational fraction.

Theorem 1.2. Let y,° and t,© be a solution of the system (1.12). If

T’ (yo)) Fi, (yo°s 80°) 0

then the transformation (1.11) has a single fixed point

Py (zg, yo° + Wy1, to” + 1ty)
which tends to the point P(xo, y0°, t0°) when p goes to zero.
Let us introduce the notation
@ (Yo o) = UF (Yor to) + 11 (- . .)
BWntd=—2nn+T (y)m+p® Yo to) +0*(...)
The Jacobian

d ‘. ' s o . o .o
a((;o,i))) = —pmT’ () i, @o°s &) + 02 (. )

evaluated at the point y, = y,® + uy,, t, = t,° + ut, is different from
zero if u is sufficiently small. Hence, for small values of p, the
system

Yo=Yo +1F (Yo to) +p*(-..)
to + 2nn = 2, + mT (yo) + pD (yor o) + p* (. . .)

is solvable for Yo and tos and the transformation (1.11) has a fixed
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point Py(x, y,, ty).

We shall elucidate further the conditions of stability of the fixed
point for the transformation (1.11). The characteristic equation of the
point transformation {1.11) is given (with an accuracy of second order
infinitesimals in u) by

M4 phtg=20

where

p=—2—pl®JW" t°) + Fy, @+ o) +p? (.. )

g=14pl—mT’ @) Fi, @ t°) + @/ @o’s ) + Fu,/ @™ 1)1 +p? (.. )

The conditions for stability of the fixed point of the transformation
(1.11) are
1+p+g=—wnl’ @) F @' t) +p* (. ) >0
1—p+g=d+p(..)>0

g—1=p[—ml’ ") F @' 1) + O s 2°) + Fu” (o' 1)1 +

+pt (. ) <0

These conditions will be fulfilled for small enough u if

T (yo°) Ft; o's ty) < 0
— mI’ (y°) i (yo's t) + @1 @°) 8°) + Fy,' @ 80) < 0

The fixed point will be unstable if one of these inequalities is
violated.

Let us assume further that when p = 0 the system (1.1) has a family
of periodic solutions L{y,, t,) whose period depends on y,.

In this case the curves L must lie entirely between two planes
x=2x_, <0 and x = x; > 0, where the function y(x) has the form

(!)1‘23 if x__1<x<0

1P(x)= atzr if 0zl

In this case the point transformation of the half-plane So‘”(x =0
y > 0) into itself in the neighborhood of the curve L which passes
through the points Py(0, y,, t,) and P10, yo, ty + m(n/o, + w/wy)],
has the form
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“’—yo+pgf(xay,t)dx+u’(---)Eyo+uF(ymto)+u’(---)
L

(1)=t°+m(m1 +%) + (1.13)
+;T{’«:T§(" 1)i§. flay, O sinay (t— i o —25)dt +
+ LS 0 ey nsino [t =G + 1) 2= gdf et =
i=0 Ly

=ty +m( o)+ pO Yo to) + B2 ()

Here m is the number of turns of the integral curve L around the t-
axis; L, is the piece of the integral curve L included between the
planes

t=ty+ @/, +n/w) i+ /oy, l=ty+(m/w, +n/wg) i

while L, is the piece of the integral curve L included between the
planes

t=ty+ @/, +n/o)i+n/w, t=1t,+ @/ + /o) (i +1)
Obviously, if @, = w, then

D (yo, L) = f(zy y, t) sin o, (t — ;) dt

[‘4&/’

It follows from the expression (1.13) that the point transformation
(1.13) can possess a fixed point only if &; and @, are rational numbers.

Let us assume that the number m satisfies the condition
1 1
m{— 4+ —)=2n
(0)1 + (02)
where n 1s a positive integer.

Then we can obtain the next theorem in an entirely analogous manner.

Theorem 1.3, In order that the point transformation (1.13) may have
a fixed p01nt P (0, y°° + uy,, to° + ut, ) which tends to the point
PO, y,°, t, %) when u approaches zero, 1t is necessary that
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F o te) =0, D (yos to) =0 (1.14)

Theorem 1.4. Let y © and t,° be a solution of the system (1.14). If

Ft) o o) @y, (o5 t)°) — Fv.' @ ) P o t°) + 0

then the transformation (1.13) has a single fixed point

Py (0, yo° + py1, to° + pty)

which tends to the point P(0, y,°, t,°) when p approaches zero. This
fixed point is stable if

Fy) 6’2 10) @1 ¥0°s 80°) — Fe,” 0"y 807) @y, (¥ t7) >0
D' yo's 80°) + Fy (350 1) <O
and it is unstable if any one of these inequalities is violated.

2. Autonomous system vhich is near a piece-wise linear
one. We shall now consider the system

dz [ dt =y, dy / dt = — (z) + pf (z, ) (2.1)

Let

V@) =B if z <z<luz
/(z, y)=/i(1’(:c, y) if oy <z<l{%, y>0 (i=...—1,0,1...)
Iy ==y if g <2<z, y<O0

The functions fl.(j)(x, y) (j =1, 2) are analytic in x and y, while
p is a small positive parameter.

Let us denote by S !} the half-lines x = x, when y > 0, and by ;%
the half-lines x = x;, when y < 0, and let us consider the phase trajec-
tories of the system (2.1) when p = 0 and when p # 0 which satisfy the
initial conditions

T=2Zp Y=Y if t=0 (2.2)

Suppose that the phase trajectory of tle system (2.1) with u =0
intersects the half-lines Sk(l) at the points Pko(])(xk' yko(”)' and

when g # 0 it intersects them at the points Pk(j)(xk, yk(j)).

Let us assume that when u = 0 the system (2.1) has a family of
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periodic solutions L(y,) which depend on the parameter y,. Then the
point transformation of the half-line S;‘!) into itself in the neighbor-
hood of the closed curve L will have the form

W =+ E @l W ()= PG F R ) 23)

L

where L = L(y;) is a closed integral curve passing through the point

The following theorems are valad.

Theorem 2.1. In order that the transformation (2.3) with p small
enough may have a fixed point

Py (g, y0° + 1y

which tends to P(x, y0°) when u goes to zero, it is necessary that the
condition

Fy)=0 (2.4)
be satisfied.

Theorem 2.2. Let y,® be a solution of the equation (2.4). If
F'(y,°) # 0 then the transformation (2.3) has a single fixed point
Py(x,, yo° + uy,) which tends to the point P(x,, y,°) when u goes to
zero. This fixed point is stable if F'(yoo) < 0, and it is unstable if
F'(y,°) > 0.

The obtained conditions for the existence and stability of a periodic
solution of the system (2.1) are analogous to the corresponding condi-
tions given in [4] for systems which are near to Hamiltonian systems.

1f the functions y(x) and f(x, y) are of period 2w in x, then the
phase space of the system (2.1) will be cylindrical if one considers
the lines x = x, and x = 2w + x as coincident. Theorems 2.1 and 2.2 in
this case will yield necessary and sufficient conditions for the exist-
ence of a fixed point which corresponds to the periodic solution that
encloses the cylinder. The curve L(y0°) in equation (2.4) in this case
will be a closed integral curve of the system (2.1) with u = 0 which
passes through the point P(z,, y,°) and goes around the cylinder.

3. Example. Let us consider an equation from the theory of electrical
machines [5-8]

P+AL—BO(@IO+O(P) =7 (A>0, 1>>0)
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where the function ©(¢) is of period 2w, with the piece-wise linear
approximation

2
8@ =61(®) = (—1)f o+ (1%

@ —1) <P < @2k +1) o (k=..—1,01..)

For the phase space we will take a strip located between the straight
lines ¢ = — w and ¢ = w, The points of these two lines with the same
ordinates will be considered to be identical. We introduce a small posi-
tive parameter by setting A = uAO, Y = My,. and we go over to the system
which is close to the piece-wise linear one

dp/dt=y, dy/di=—01(¢)+r{To— e[l —BB(P)] W @.4)

A study of the periodic solutions of the system (3.1) makes it
possible for us to form rigorously a qualitative picture of the division
of the phase space into trajectories for small values of A and y, and to
explain how this picture changes with a change of the parameters.

When 4 = 0 the trajectories of the system (3.1) have either the form
of closed curves enclosing a state of equilibrium (of the center type)
at the point ¢ = 0, y = 0, or they are closed curves made up of pieces
of ellipses and hyperbolas enclosing the phase space (the cylinder).
These two regions are separated by separatrices which are composed of
pieces of straight lines and ellipses passing from saddle to saddle (in
the points (- m, 0), (w, 0) the system (3.1) with 4 = 0 has simple
saddles).

If u # 0, but arbitrarily small, the closed curves enclosing the
state of equilibrium or the phase cylinder become spirals, and only
certain ones of the integral curves remain closed, that is, they become
limit cycles. The separatrices which together with the state of equi-~
librium form a closed contour when u = 0, will not form such a contour
when W ¥ 0; they, too, will become spirals that close in on a limit
cycle or on a state of equilibrium, or else recede to infinity. A know-
ledge of the character and distribution of the limit cycles makes it
possible to determine completely the qualitative structure of the divi-
sion of the phase space into the trajectories.

The system (3.1) may have cycles that enclose the cylinder as well
as cycles that enclose a state of equilibrium Ol(uyow/z, 0). We shall
try to find the cycles that enclose the cylinder. If we apply Theorem
2,1, we obtain

i) = 2\ [o—ta (148 2)y]a 2 { [o—ne(t =5 8)v] a0} @2

L, L,
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Here L and L are parts of the integral curve of the system (3.1)
with p = o which passes through the point P(~ w, Yo ) These parts L
and L, are located in the intervals - T< @< - 7/2 and — /2 < ¢ < 0
respectively. The equations of the curves L1 and L2 are

y’ ((H-ﬂ)2 (yo) y? ¢ _ ()2,
(L) 5~ n 2 (L“)'z—+—n' 2 +2

respectively.

The integration is performed in the direction of the motion along the
trajectories. If y0° > 0, the evaluation of the integrals on the right-
hand side of equation (3.2) yields

=t e Ty FY T
+h(1+%3)ln (VE+]/ £+2h)’!2+”+

+(1—B2)@h+m) w s (n=E)

m}—

For the purpose of determining the number of roots of the equation

Yi(h) =0 (3.3)
we find

‘pl(h)=“}'°V_[1+—B (1/2+1/2 ) it

2 . VYV ] o V2akhe 4h+ 428
2(1—2 sin™? ——— 7 h) =
+ ( nB) V2V2r¥a e Vatidh 2h(Zh+n)

lme ) =20m0+h0 )/ T E(B—2— ), limp(y=— oo

Having investigated the behavior of the function y,(h) in the inter-
val 0 < h < ®, we come to the conclusion that for 0 < h < @ the function
wl(h) is monotonically decreasing if P > - w/2, and that it has one
maximum if P < ~ w/2. This shows that if

bro+rVa/2@B—2—n/2)>0

the equation (3.3) has one positive root. The system (3.1) will then
have one stable limit cycle which enclosed the cylinder in the upper
half of the phase space. In the region of the space of the parameters
Ao, Yo end P, determined by the relations
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P (B) =0, P (k) >0

e/ Efpmo3) o

the equation (3.3) has two positive roots. The system (3.1) then will
have two limit cycles in the upper half of the phase space, Whereby to
the larger root of equation (3.3) there will correspond a stable limit
cycle, while to the smaller root, an unstable limit cycle.

Let us now try to find the limit cycles which enclose the cylinder
and are located in the lower half of the phase space where yoo < 0.

Integrating expression (3.2), and setting (y0°)2/2 = h, we obtain

[ v/~+dh+hi¢wﬁ)
X‘“(Q:ﬂ/%”") T%T*‘(“?B)(%M - V2V2h+n]} —

In a way anslogous to the one above, one can show that for Yo > g,
Ao > 0 the system (3,1) will not have more than one limit cycle which
encloses the cylinder in the lower half of the phase space. If

Fa(we®) = - {— 21010 — xo
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lim b ) = — 2010 + ho 2/ (8-2-3) >0

then the system (3.1) will have a limit cycle enclosing the phase
cylinder in the lower half of the phase space.

Finally, let us find a limit cycle that encloses a state of equi-
librium,

Applying Theorem 2.1, we obtain
Py =—e (14 ) S vior(1—28) fws]= L @4
Ly Ly

Here L and L are parts of an integral curve of the system (3.1
with u = 0 which passes through the points P'(- w/2, y,%)(0 < y,° <
d(n/Z)). These parts L1 and L2 are located in the intervals T ~1/2,
and -/2 < ¢ < 0, respectively.

The equations of L1 and Lz have the form (3.5)

2 g 2 o

From the expression (3.4) it follows that if (1 -~ 2B/m)(1 + 2B/m > 0
then the equation F3(y1°) = 0 has no real roots.

Suppose that 1 — 2B/x < 0. It is easily seen that

Ys (hr) = 291 (ha) — 4nive,  $8' (A1) =29 (Ba), " () = 29" ()
For values of h; which satisfy the conditioﬁ (3.5), we have
W E)<O, W (—F)>0  lim e () =—o
Y 7? _2an ; - 3 _n__ X
B(-3)=—m Y F(1—L8) T >0 lmwe ) 5 (p—2-3)

From this we conclude that if 1 —2P/w < 0, and P - 2 — w/2 < 0, then
there exists just one stable limit cycle which encloses a state of equi-
librium. In an analogous manner it can be shown that if 1 - 2@/w > 0 the
system (3.1) has no cycles which enclose a state of equilibrium.

For the purpose of explaining the picture of the phase trajectories
we note that the state of equilibrium Ol(uyoufz, 0) will be a stable
focus if

pho(1 — 2B /M) >0
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and it will be an unstable focus if uho(l - 2p/m <o,

Figure 1 shows the division of the space of the parameters AO, Yo and
E into regions that correspond to definite qualitative pictures of the
phase trajectories,

In the region {1}

(Gro-+h VA72@ —2—n/2) <0, 1423/ 00, %' (h) =0, $1 (k) >0)

the system (3.1) has two limit cycles that enclose the cylinder in the
upper half of the phase space. The upper cycle is stable while the lower
one is unstable,

In the region {2}
(e>0. 4%+ A VA2 —2—n/2)<0, 1 —23/1>0, ¥ (k) =0, %1 (k) < 0)
the system (3.1) has no limit cycles.
In the region {3}
(Ro>0, 4o+ 2 Va/2(8—2—a/2)>0,1—23/a>0)

the system (3.1) has one stable cycle enclosing the cylinder in the
upper half of the phase space.
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In the region {4}

M>0, 4o+ A Va/2@—2—a/2)>0,1—28/1<0, B—2—n/2<0)

the system (3.1) has one stable limit cycle which encloses a state of
equilibrium, and a stable limit cycle enclosing the cylinder in the
upper half of the phase space.

In the region {5}

(16>>0, 450, 4ra + A VR/2(B—2—n/2)<0, 1 —28/a<0)

the system (3.1) has one stable limit cycle enclosing a state of equi-
librium.

In the region {6}

B—2—n/220, >0, 1,>0, —410+ A Vaj/2(8—2—n/2)<0)

the system has one stable limit cycle in the upper half of the phase
space,

In the region {7}
(16>0, 4 >0, —47o+ A VR/2@—2—n/2)>0)

the system (3.1) has two stable cycles enclosing the cylinder. One of
them is located in the lower, the other one in the upper half of the
phase space.

The qualitative pictures of the phase trajectories for the enumerated
regions are shown in Fig. 2,

Let us consider the qualitative pictures of the phase trajectories on
the bifurcated surfaces.

On the surface (A), determined by the relations
P (h) =0, W (k) =0

the system has a semistable limit cycle which encloses the cylinder in
the upper half of the phase space,

On the surfaces (B) and (C)

ot+rVa/2@—2—n/2)=0
bro—MVa/2@—2—5/2)=0

the limit cycles that enclose the cylinder in the upper or lower halves
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of the phase space will run into separatrices which go from saddle to
saddle.

Fig. 3.

On the plane (D) (B -2 -1m/2 = 0), the limit cycle that encloses the
state of equilibrium Ol(uyou/z. 0) runs into the separatrix which passes

from one saddle into the same saddle. On the surface (E) (1 - 2p/m = 0)
the system has a state of equilibrium of the center type at the point
Ol(uyo'ﬂ'/z. 0).

Figure 3 represents the qualitative pictures of the phase trajec-
tories that correspond to the bifurcated values of the parameters. The

numbers in the braces denote the regions on the common boundary of which

the system (3.1) has the indicated qualitative picture for the phase
trajectories.

In conclusion I thank N,N. Bautin for valuable advice.
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